Abstract. The dynamics of the surface plasmon in laser-driven metallic nanoparticles is described by means of a master-equation formalism. Within the Markov approximation, the dynamics is studied for different regimes ranging from weak excitation in photoabsorption experiments to strong excitation in pump-probe spectroscopy. It is shown that two collective levels are sufficient to describe the dynamics of the surface plasmon. On this basis, we predict the appearance of sidebands in the absorption spectrum of the probe laser field in pump-probe experiments.
Introduction
A surface plasmon excited by a pump laser in a metallic nanoparticle decays on the scale of tens of femtoseconds by heating the electron system [1, 2] . The equilibration with the ionic lattice occurs on the much longer timescale of a few picoseconds. This electronic relaxation has been thoroughly studied by means of pump-probe experiments [3] [4] [5] [6] . Present femtosecond resolution experiments allow to concentrate on the initial dynamics of the electronic degrees of freedom [7] [8] [9] . While the dynamics on the picosecond scale has been analysed with quasi-equilibrium theories assuming the thermalisation of the electron gas as a whole [10] , much less is known for the initial dynamics. It is precisely this initial regime on which we focus in this work.
For the description of the initial dynamics of the electron gas, before it has thermalised after an excitation by a laser pulse, it is appropriate to decompose the electron system into two parts [11] [12] [13] . The main degree of freedom describes the surface plasmon and refers to the centre of mass of the electron gas. The remaining degrees of freedom consist of the relative coordinates. If their number is sufficiently large, this electronic subsystem behaves to a good approximation as a heat bath to which one can attribute an effective temperature.
The surface plasmon coupled to the relative coordinates and driven by an external field is reminiscent of the situation encountered in quantum optics, where a laserdriven atom is coupled to an environment consisting of the electromagnetic field modes [14] . This analogy leads us to predict the appearance of sidebands in the light absorption of a weak probe beam while the nanoparticle is illuminated by a strong pump laser. This effect should be experimentally observable and offers a possibility to study the surface plasmon dressed by photons of the pump laser field.
We start in the next section by introducing the model of a laser-driven nanoparticle. In Section 3, a masterequation description for the dynamics of the electronic centre of mass coupled to the relative-coordinate system is developed. We will argue that the Markov approximation applies in our situation. In order to make progress, we restrict in Section 4 our description of the surface plasmon to its two lowest eigenstates and discuss the resulting dynamics. The regime of validity of the two-level approximation will be discussed in the appendix. In Section 5, the model parameters for typical experimental situations are estimated. Finally, we present in Section 6 our prediction of sidebands in the absorption spectrum of a weak probe beam impinging on a nanoparticle subject to a pump laser.
Model of a laser-driven nanoparticle
The electron gas formed by the N valence electrons of the metallic nanoparticle is described by the Hamiltonian
where r i is the position of the i th electron. The singleparticle confining potential U represents the interaction of the electrons with the ionic background which within the jellium model is approximated by a uniformly charged sphere of radius a [2] . As a function of the radial coordinate, this central potential is harmonic for |r| < a and Coulomb-like for |r| > a.
For our purposes it is useful to express the Hamiltonian (1) in terms of the centre-of-mass and relative coordinates as [11, 13] 
For small centre-of-mass displacements, H cm is well described in terms of the usual ladder operators b † and b by the harmonic oscillator Hamiltonian
with a frequencyω
Here, ω M = (4πn e e 2 /3m e ) 1/2 is the classical Mie frequency which depends on the charge e, the mass m e and the bulk density n e of the electrons. The spill-out effect [2] , which accounts for the fact that a fraction N out /N is found outside the nanoparticle, reduces the electron density and thus leads to a redshift of the plasmon frequency from the Mie frequency toω M . Except for extremely small clusters, anharmonicities yield negligible corrections to (3) and are thus disregarded here [15] .
Within the mean-field approximation, the Hamiltonian for the relative coordinates reads
where ε α are the eigenenergies in the effective mean-field potential V and c † α (c α ) are the creation (annihilation) operators associated with the corresponding one-body eigenstates |α . Numerical calculations within the local density approximation show that, for the purpose of analytical calculations, V can in general be approximated by a step-like potential at the surface of the nanoparticle [12, 13] .
The linearised coupling Hamiltonian between the centre-of-mass and relative-coordinate systems can be written as
where the coupling strength Λ = ( m e ω 3 M /2N ) 1/2 . The matrix element d αβ between two eigenstates of the unperturbed mean-field problem appearing in (6) is for a spherical hard-wall potential simply given by the dipole matrix element α|z|β [12] . Here, we have assumed that the surface plasmon oscillates in the z direction. The sum of (6) has to be understood with a low-energy cutoff since the electron-hole excitations of low energy do not couple to the surface plasmon [13, 16] . This cutoff energy has been estimated in [17] to be of the order of 3/5 of the Fermi energy for the case of Na nanoparticles.
The decomposition (2) is reminiscent of the well-studied case where the degree of freedom of interest (the surface plasmon in our case) is weakly coupled to a reservoir with many degrees of freedom (the relative coordinates). Interestingly, it can be shown that it is sufficient to have about N = 20 conduction electrons to define a proper environment for the surface plasmon [17] . Since the electronic system is coupled to phonons, a time dependence of the electronic temperature T may have to be taken into account. However, the physical parameters describing the dynamics of the surface plasmon are only weakly temperature dependent [13] , and thus we can neglect the implicit time dependence of those parameters when T is much smaller than the Fermi temperature of the system.
If the nanoparticle is subject to a laser excitation, we have to add the coupling H F (t) between the electrons and the laser field to the Hamiltonian (2). Excitation frequencies ω L close to the plasmon resonance are located in the visible range, and therefore the electromagnetic field has a wavelength much larger than the size of the nanoparticle. This external electrical field can be considered as spatially homogeneous, E(t) = E 0 cos (ω L t)e z , and thus it only couples to the electronic centre of mass. In the dipolar approximation, the interaction between the driving field and the centre-of-mass system reads
The Rabi frequency Ω R is given by
where
is the characteristic length associated with the harmonic oscillator (3). Different physical regimes can be attained according to the relative values of the typical energies ω M , aΛ, Ω R , and the Fermi energy of the metal.
3 Centre-of-mass density matrix
In the first part of this section we consider the free evolution of the centre of mass without the external driving field. The driving term (7) will be added in the second part.
Free evolution of the centre of mass
The evolution of the whole system in the absence of the electromagnetic field (H F = 0) can be expressed in terms of the total density matrix W (t). Assuming that the coupling (6) is a small perturbation, we write the time evolution of the density matrix aṡ
where the tilde denotes operators in the interaction picture with respect to the uncoupled Hamiltonian H cm + H rel . As we are only interested in the dynamics of the centre of mass, we trace out the relative coordinates to obtain the reduced density matrix ρ = Tr rel W which obeys the equation of motioṅ
In dissipative quantum dynamics the environment is thought of as being infinite and remaining in thermal equilibrium at all times, i.e., its intrinsic properties like the temperature do not change as a consequence of its coupling to the system [18] . In order to satisfy this condition, we have to assume that the internal equilibration of the relative degrees of freedom after an excitation occurs sufficiently fast. This last assumption is not equivalent to the thermalisation of the whole electron gas, which can only occur when the plasmon has decayed. The internal thermalisation hypothesis can be justified a posteriori by checking that the timescale of the temperature change of the relative degrees of freedom is larger than all the other relevant timescales.
Restricting ourselves to the lowest order in the correlations between system and environment in (11), the weak coupling limit that we assume to be valid allows to write (for details, see Chap. 4 in [14] )
at any time t 0. Here,
represents the density matrix of the environment in the grand-canonical ensemble, i.e., we ignore for this purpose the finite nature of the electron gas. Ξ is the grand-canonical partition function at the inverse temperature β = (k B T ) −1 and µ is the chemical potential. As a consequence of the structure of the coupling H c , the fact that d αα = 0 due to the dipole selection rules [12] , and the assumption of a factorising initial condition, the first term on the right-hand side of (11) vanishes. With the weak-coupling limit, (11) then readṡ
The trace over the electronic environment (5) yieldṡ
The correlation function of the environment C(τ ) is defined as
and contains the relevant information on the time evolution of the relative-coordinate degrees of freedom. In
For not too small nanoparticles, the electronic environment described by the Hamiltonian (5) contains a large number of degrees of freedom, and its spectrum is therefore quasi-continuous. Thus, the exponentials contributing to the correlation function (16) very efficiently suppress the sum for not too small τ . Indeed, for zero temperature it is shown in [17] that the typical correlation time τ cor of the environment in terms of the surface plasmon relaxation time τ pl is given by τ cor /τ pl ≈ (k F a) −1 , where k F is the Fermi wavevector. For nanoparticles with a radius larger than approximately 1 nm, one typically finds τ pl to be of the order of or larger than 10 τ cor . The effect of finite temperatures on this estimate is expected to be weak [13] .
For sufficiently large nanoparticles, we can therefore work within the Markov approximation [14] , where the density matrix ρ in (15) can be assumed to vary on much longer timescales than the decay time of the correlation function C(t). The integral in (15) can then be carried out. After returning to the Schrödinger picture, and within the secular approximation [14] , where highly oscillating terms are neglected, we finally obtain the master equation for the reduced density matrix of the centre-of-mass degree of freedom in the absence of the external driving fielḋ
Here, we have defined
while the renormalised surface plasmon frequency reads
where P denotes the Cauchy principal value. The expressions for γ ± and δ entering (17) have simple physical interpretations [13] : Using Fermi's golden rule, γ + and γ − are related to the lifetime τ n = γ −1 n of the n th excited state of the harmonic oscillator describing the centre-of-mass system by
while δ is the frequency shift due to the interaction of the system with the electronic environment. As the surface plasmon corresponds to the first excited state of the harmonic oscillator, its lifetime is given by τ pl = γ −1
1 . We have evaluated these important and experimentally relevant quantities in references [12] and [13] as a function of the size and temperature of the nanoparticle. The shift δ is positive, and thus we have a redshift of the surface plasmon frequency in addition to the redshift induced by the spill-out effect described by (4) . This redshift of the surface plasmon frequency is due to the coupling of the centre-of-mass system to the electronic environment. It is analogous to the Lamb shift known in atomic physics [14, 19] .
Effect of the laser
We now consider the role of an external driving field whose interaction with the centre-of-mass coordinate is described by the time-dependent Hamiltonian H F (t) defined by (7) . In a first step, we neglect the coupling Hamiltonian H c between the centre-of-mass and the electronic environment during the excitation process. Thus, we do not have any relaxation mechanism for the surface plasmon excitation, and its frequency (19) remains unrenormalised. As a consequence, we havė
which describes the standard time evolution of a harmonic oscillator driven by an external monochromatic field. Assuming that the driving does not influence the dissipation of the surface plasmon excitation, we can add the contributions from H c , i.e., the dissipative part of the reduced density matrix described by the master equation (17) , and from H F (t) (see Eq. (22)) independently. This is justified provided that the memory time of the environment τ cor is much smaller than Ω −1 R which is determined by the coupling to the driving field [14] . The matrix representation of the master equation in the harmonic oscillator basis is then that of a driven damped harmonic oscillator,
In this equation, we have neglected γ + as compared to γ − and set γ = γ − which corresponds to the Landau damping linewidth. Indeed, it is easy to show from (18) that the rate γ + is related to γ − through the detailed-balance relation γ + = e −β ωM γ − . We have γ + ≪ γ − for temperatures up to a few thousand degrees since ω M is of the order of several eV.
Two-level system approach
In order to obtain from (23) the time evolution of the centre-of-mass degree of freedom under the influence of the external driving field and the coupling to the relativecoordinate system, it is useful to introduce an appropriate simplification. The centre-of-mass system, which has been modelled as a harmonic oscillator described by the Hamiltonian (3), can be truncated to a two-level system. The applicability of such an approximation is discussed in the appendix but can be motivated as follows: Except for a very strong driving field, the harmonic oscillator states above the first excited state are not significantly populated. Furthermore, the detuning between the frequency of the laser and the resonance frequency of the system plays in favour of the two-level description. Moreover, there exist additional damping mechanisms which are not included in our model which tend to depopulate the higher states, like the ionisation of an electron via the double plasmon state [12] or the radiation damping [2] . In the case of pump-probe experiments on noble-metal nanoparticles embedded in a dielectric medium, interactions with the surrounding matrix provide further decay channels, e.g. via coupling to phonons, localised states, surface states, etc. As the second collective level, the so-called double plasmon, has a width which is significantly larger than the one of the simple surface plasmon, it is justified to neglect all excited levels but the first one. In addition, the double-plasmon state has not been clearly identified experimentally, even though indirect observations of such a state have been reported in experiments on charged sodium clusters in vacuum [20] .
Writing the master equation (23) for the two collective states |0 and |1 , introducing the new variableŝ ρ nm = ρ nm e iωL(n−m)t (24) and keeping only the terms which significantly contribute close to the resonance ω L ≈ ω sp (rotating wave approximation [14] ), one obtainṡ
Here, δ L = ω L − ω sp is the detuning between the laser and the resonance frequency, and we have the conditionŝ ρ 00 +ρ 11 = 1 andρ * 10 =ρ 01 . It is often useful to define a scaled detuning ∆ = δ L /γ and the saturation parameter
which is a measure of the ratio between the field intensity and the damping strength. As a function of these parameters, whose experimentally relevant values are discussed in the next section, the stationary solutions of the Bloch equations (25) are [14] 
The occupation probability ρ st 11 of the first excited state of the centre-of-mass system increases with increasing saturation parameter s and decreases with increasing detuning ∆ between the frequency of the laser field ω L and the resonance frequency ω sp . The coherence ρ 01 determines the mean centre-of-mass coordinate according to Z = 2ℓRe(ρ 01 ) where ℓ has been defined in (9) . The amplitude of the oscillation of Z increases with increasing s up to s = 1 + 4∆ 2 , while it decreases for larger s and approaches zero in the limit of infinite s.
For zero detuning, δ L = 0, (25) can be solved analytically. Assuming that the system is initially in its ground state, ρ(0) = |0 0|, the full time dependence of the density matrix is determined by [21] 
for the population of the excited state, and
for the coherence. Figure 1a shows the population (29) of the excited state ρ 11 as a function of time for various values of the saturation parameter and without detuning (δ L = 0). For s 1/8, ρ 11 monotonically increases as a function of time to reach the stationary value given in (27) . For s > 1/8, the centre-of-mass system exhibits damped Rabi oscillations and reaches the steady state on the timescale ∼ γ −1 . If the laser field is turned off after a certain time τ , the population of the excited state relaxes to zero according to
while the coherence of the system decays as
One can see in Figure 1 that even for a strong saturation parameter, the steady state regime is reached for times t 8γ −1 . In Figure 1b , we show the mean centre-of-mass position Z as a function of time. For s ≪ 1, Z oscillates regularly, while its amplitude increases monotonically as a function of time. In the case of strong saturation parameter s ≫ 1, it is clear from (30) that the dynamics of the centre of mass is determined by the beating between the two oscillating contributions at the frequencies ω sp and Ω R for times shorter than a few γ −1 (see the solid line in Fig. 1b) .
Saturation parameter
The results in the previous section show that the saturation parameter (26) is decisive for the dynamics of the surface plasmon excitation in the presence of an external driving field. In typical photoabsorption experiments [1] , a weak laser field excites an ensemble of nanoparticles. For a laser power of a few mW, the resulting electric field is of the order of 10 3 Vm −1 , and thus the Rabi frequency (8) is no more than several µeV. The order of magnitude of the surface plasmon linewidth in metallic nanoparticles is 100 meV, so that one finds s ≪ 1. In that case we are in the linear-response regime, i.e., the power absorbed by the nanoparticle is proportional to the intensity of the laser.
On the contrary, in pump-probe experiments, the nanoparticles are excited by an ultrashort pump laser pulse of high intensity. As a typical example, we consider the experiments of [7] on silver nanoparticles with an average radius a = 3.25 nm embedded in a glass matrix. These nanoparticles present a broad absorption spectrum around the resonance frequency ω sp = 2.85 eV. According to timedependent local density approximation calculations [12] , the width of this resonance is approximately γ = 50 meV. The estimation of the Rabi frequency (8) requires the knowledge of the electrical field E 0 of the laser. This quantity can be inferred from the energyū = ǫ 0 ǫ r E 2 0 cτ /2 of a laser pulse divided by its cross section [7] , where c is the speed of light, ǫ 0 the vacuum permittivity, ǫ r ≃ 6 for glass, and τ the duration of the pulse (typically 100 fs). With u = 1 Jm −2 , one finds E 0 = 3.6 × 10 7 Vm −1 . The Rabi frequency is therefore Ω R ≃ 0.38 eV, which results in a very large saturation parameter s ≃ 100. Thus we are far beyond the linear-response regime. Notice that the duration of the pump-laser pulse considered here corresponds to γτ ≃ 8. Thus, according to Figure 1 , even for ultrashort laser pulses the centre of mass can reach its steady state before the end of the pulse.
6 Absorption spectrum of a weak probe beam
As it is shown in the appendix, the dynamics of the surface plasmon is well described by a two-level system driven by an external field and damped by its coupling to the electronic environment. This is reminiscent of the well-known situation in quantum optics, where a transition between two levels of an atom is excited by a strong laser. The concept of dressed levels [14, 22] , arising as coherent superpositions of atom-photon states has proven to be very useful to describe the coupled system, in particular when the driving is strong as compared to the damping. In the presence of a small detuning δ L between the pump laser field and the transition frequency of the two-level system, the absorption spectrum of a second laser acting as a weak probe contains sidebands. Interestingly, in one of the sidebands the probe beam is damped by absorption processes, while stimulated emission processes amplify the probe beam in the other sideband. This phenomenon has been observed experimentally for different driven systems. Examples include the case of an optical transition in sodium atoms [23] and a nuclear magnetic hyperfine transition of a nitrogenvacancy centre in diamond [24] .
In the present paper we focus on a surface plasmon excitation driven by a strong laser field. This is a completely analogous situation since the dynamics of the surface plasmon can be described by an effective two-level system with a transition energy ω sp , coupled to a pump laser with frequency ω L . Without coupling (Ω R = 0), the basis states are |0, N p + 1 and |1, N p representing the plasmon in its ground and excited state with N p + 1 and N p photons in the pump laser field, respectively. The energy difference between those states is given by the detuning δ L = (ω L − ω sp ) of the pump laser with respect to the plasmon transition. The coupling by H F (Eq. (7)) leads to a mixing of the basis states, giving rise to the dressed plasmon levels with an energy splitting Ω = Ω 2 R + δ 2 L , where Ω R is the Rabi frequency (8) . The dressed plasmon levels |A(N p ) and |B(N p ) arise as superpositions of the uncoupled basis states |0, N p + 1 and |1, N p referring to different photon numbers. In this doublet, we denote the upper and lower dressed level by |A(N p ) and |B(N p ) , respectively.
Four optical transitions (see thick arrows in Fig. 2 ) are allowed between dressed states corresponding to neighbouring photon numbers because of the mixture of those states with the ones of the uncoupled basis. Since the stationary populations of |A(N p ) and |B(N p ) are to a very good approximation independent of N p , there is no peak in the absorption spectrum of the weak probe beam at the frequency ω L (see the two thick dashed arrows in Fig. 2) . For δ L > 0, the upper dressed levels |A(N p ) have a higher stationary population than the lower ones |B(N p ) . Therefore, a population inversion appears in the transition |A(N p ) ↔ |B(N p −1) . This leads to a sideband at the frequency ω L +Ω where the probe beam is amplified by stimulated emission. For the transition |B(N p ) ↔ |A(N p −1) the lower state has the higher population such that the sideband at frequency ω L −Ω is of absorbing character. For negative detuning δ L < 0, when the pump laser frequency is below the bare transition energy, the populations of the dressed states are inverted. Now, the populations of the upper dressed levels |A(N p ) are lower than the populations of the lower levels. In this case, the sideband at the frequency ω L + Ω is absorbing while the probe beam is expected to be amplified around the frequency ω L − Ω.
The width of the sidebands is of the order of γ. In the so-called secular limit Ω ≫ γ, the sidebands are therefore well resolved and should be observable experimentally. Within this limit, it is straightforward to calculate the stationary populations of the dressed states [22] . For the case of a resonant pump laser δ L = 0, all the dressed states have the same populations. Therefore, to zero order in γ/Ω, the transitions do not influence the probe beam. A more detailed discussion beyond the parameter regimes considered here is given e.g. in references [23] and [25] .
An experimental observation of the sidebands should be feasible using an intense pump laser with s ≃ 100 and a pulse duration longer than 100 fs. Then, the frequency width of the pump pulse is below 0.01 eV, which allows to adjust the detuning δ L with high precision. With the Rabi frequency Ω R ≃ 0.38 eV and the linewidth γ = 50 meV estimated in Section 5 for the experiments of reference [7] , one should be able to observe well resolved sidebands.
Conclusion
Using standard methods of quantum optics, we have studied the dynamics of the surface plasmon in metallic nanoparticles driven by an electrical field. Decoherence and dissipation occur due to the coupling of the collective excitation to the electronic environment constituted by particlehole pairs. Exploiting the Markovian character of the environment [17] , we have established the master equation for the surface plasmon density matrix.
We have shown that for realistic experimental situations, a model taking into account only the two lowest levels is sufficient to describe the dynamics of the collective degree of freedom. This allows to consider a large variety of experimentally relevant situations, from photoabsorption to pump-probe setups.
Motivated by the analogy to quantum optics, we have introduced collective states that are dressed by the photons of the pump laser. We predict that for strong driving, the dressed states will manifest themselves through the appearance of sidebands in the absorption spectrum of a weak probe laser. Depending on the detuning of the pump laser, these spectral features have absorbing or amplifying character and their position relative to the pump frequency is determined by the pump intensity. Although these sidebands have so far not been observed in metallic nanoparticles, their detection should be feasible with modern experimental techniques, thereby offering access to dressed surface plasmon states.
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A Three-level system
In this appendix we discuss the validity of a two-level approach for the description of the centre-of-mass system, whose Hamiltonian is given in (3) . For this purpose, we consider a three-level system and study the conditions under which its description can be safely reduced to that of a two-level system. A phenomenological master equation description of the plasmon in terms of three levels has been discussed by Liau et al. [26] . In that case, however, three levels where required to describe two-photon processes in two-pulse second-order interferometry.
According to (21) , the Landau damping linewidth for the second level of the harmonic oscillator at zero temperature is 2γ, where γ is the width of the first excited state [12, 27] . In addition, two more mechanisms contribute to the damping of the second level: (i) first order processes which lead to the decay into the first level (like the radiation damping [1, 2] or the coupling to the surrounding matrix [27] ); (ii) second-order processes which result in the direct decay into the ground state (like the ionisation [12] ). We denote the damping rates associated with these two additional channels by γ 1 and γ 2 , respectively.
Within the Lindblad theory [28] , these channels are accounted for by adding
to the right-hand side of the master equation (23) . We choose the Lindblad operators as L 1 = |1 2| and L 2 = |0 2|, which lead to transitions between the centre-ofmass states |2 and |1 , and |2 and |0 , respectively. The rotating-wave approximation then yields the following set of coupled differential equationṡ ρ 00 = − i Ω R 2 (ρ 10 −ρ 01 ) + γρ 11 + γ 2ρ22 , 
In order to obtain quantitative results, the two additional damping constants in the following are assumed to be equal, i.e., γ 1 = γ 2 = γ add . Figure 3 presents the stationary solution of (34) for the population of the second excited state ρ st 22 as a function of γ add for different values of the detuning ∆ = δ L /γ and a large saturation parameter s = 100. It can be seen that for ∆ 5, which corresponds to the typical detuning in the pump-probe experiments of reference [7] , the probability to find the second collective state occupied is less than 10% and is almost constant as a function γ add . In the case ∆ < 5, ρ st 22 decreases with γ add but may be non-negligible. In this case, the assumption of a two-level system to describe the surface plasmon dynamics might be questionable.
For a rather small saturation parameter, i.e., for a weak external laser field, the second collective state can be neglected for the description of the surface plasmon dynamics. In the case of a large saturation parameter, as it is for example the case in pump-probe experiments, this second collective state can be neglected for not too small detuning between the frequency of the pump laser and the resonance frequency.
